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An analytical, theoretical investigation of mass transfer in a Newton- 
ian, isothermal falling film displaying periodic, finite-amplitude waves is 
presented. The solution derived provides full information on the mass 
transfer rate as expressed exclusively in terms of physical properties of 
the liquid and the completely determined flow. 
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Introduction 
Falling film equipment is widely used in chemical, process 

and other industries for mass and heat transfer purposes. Under 
operating conditions these liquid films are in general not planar, 
unlike the laminar falling film, for which the well-known semi- 
parabolic theoretical solution is due to Nusselt. On the contrary, 
the film surface is rippled and the liquid film flow is of a convec- 
tive character. Under such conditions the mass (or heat) trans- 
fer rate is increased considerably beyond the rate predicted by a 
theoretical model based on the laminar falling film solution. The 
increased transfer rate is due to convection within the liquid 
film. Such an underestimation of transfer rates is unsatisfactory 
for dimensioning purposes. These convective effects have been 
reported in the literature by, for example, Oliver and Atherinos 
(1968) and Seban and Faghri (1978). 

A number of theoretical models for mass transfer in wavy 
falling films are reported in the literature, for example by 
Banerjee et a]. (1967), Howard and Lightfoot (1968), Rice 
(1971), and Javdani (1974). These models rely on some model- 
ing of the flow. 

In view of the above, an analytical, theoretical study of the 
mass transfer in a wavy falling film might throw light on the 
manner in which the transfer rate is affected by the oscillations 
in the falling film. Thus the object of the present work is to pro- 
vide a full theoretical solution to the problem regarding the 
influence of periodic, finite-amplitude waves in a Newtonian, 
isothermal liquid film flowing along a vertical wall on the mass 
transfer in such a film. 

In a previous work (Barrdahl, 1986), an analytical solution 
was derived for the fully developed periodic, finite-amplitude 
wavy flow of a Newtonian, isothermal liquid film flowing along 
a vertical wall under the action of gravity. The hydrodynamic 
analysis was restricted to conditions where: 

I .  The liquid film thickness was much smaller than the char- 
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acteristic length of the wave structure, which may be expressed 
as (06,) << 1, w being the wave number and 6, the mean liquid 
film thickness 

2. Diffusive momentum transfer dominated over convective, 
which may be expressed as (06,) Re < 1, Re being the Reynolds 
number 
In this model the stream function (and consequently the Carte- 
sian velocity components), the liquid film surface, and the pres- 
sure were of the form: 

This model, or more generally, a model with this formal struc- 
ture, will be used below for the fluid dynamical description of 
the falling film. 

On the basis of such a model, the influence of the waves on the 
mass transfer rate in a mass transfer process, such as the absorp- 
tion of a species from the gas phase, will be studied. The present 
work thus constitutes a natural continuation of the previous 
work (Barrdahl, 1986). 

It may be expected that the relative influence on the mass 
transfer rate of an oscillatory motion in the liquid film will 
increase with increasing Schmidt number (the ratio of the kine- 
matic viscosity to the mass diffusivity) of the liquid film. For 
this reason the present analysis will emphasize conditions where 
the Schmidt number is much larger than unity. 

Theory 
It will be assumed that it is sufficient to consider only two 

space coordinates, namely the longitudinal or flow direction 
coordinate and one transverse coordinate, the film coordinate. 
Thus the transverse coordinate, which is orthogonal to the nor- 
mal to the wall, does not enter into the calculations. 

The analysis will be carried out in the case of mass transfer 
although the solution also would be applicable for the case of 
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heat transfer provided that any influence of a variation of the 
temperature on the physical properties can be neglected and 
that corresponding parameters, such as the Prandtl number, 
assume values of similar order of magnitude. 

The diffusion equation then becomes: 

Insertion of Eqs. 5,6, and 8-1 1 into Eq. 1 and suppression of x, 
and Za gives: 

The boundary conditions for absorption of a species from the gas 
phase are then formulated as follows: 

No mass penetrates the wall: 

= 0; y = 0; v x ,  t ac 

aY 
- 

The mass concentration at  the liquid film surface takes a con- 
stant value along the mass transfer section: 

/3 = 0,. . . , N 
a = - N ,  . . . ,  N (14) 
f f f 0  c = c*; y = 6(x, t ) ;  v x  t 0 (3) 

The mass concentration inside the liquid film is homogeneous 
(as averaged with respect to time) before the mass transfer sec- 
tion: 

where primes denote differentiation with respect to y .  
Equations 13 and 14 are second-order coupled differential 

equations for the concentration functions { , ( y )  and !$,(y). 
Next a solution is sought for the systems of Eqs. 12-14 on the 

assumption that contributions containing third- and higher or- 
der terms in $:, t,, etc. may be neglected. In addition, the 
solutions sought will be approximated in that u,, $a, $: are eval- 
uated a t  y = 6,. 

Under these circumstances, a solution is: 

c - c,; x = 0; vy -=z 6(x, t )  (4) 

We now seek a solution of the following form: 

with the liquid film motion described by 

a - N  

6(x, t )  = 6, + x €axo(x ,  t )  (7) 
a - - N  
a # O  

J. being the stream function and 6 the film thickness, where 

o#O 

Here N is an arbitrarily large number and 

[u, + k ]  + [A, - (j =L-- X u, i ( a w )  { D D 
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where the argument y = 6 ,  has been suppressed on u,, #a, and 

It remains to determine the eigenvalues 8,, 8,,,, A, and the 
amplitudes A,, B,, A,, B,, A,,,, and B,,*. For this purpose the 
boundary conditions of Eqs. 2 to 4 are  required and use will then 
be made of Eqs. 5-1 1 and 15-23. 

4%. 

The boundary condition in Eq. 2 gives: 

B, = 0 

Functional values taken at  y = 6(x, t )  are, for use with the 
boundary conditions in Eqs. 3 and 4, expanded around y = 6,  in a 
Taylor series of the form: Y(6, + c) = Y(6,) + cY’(6,) + . 
(c2/2)Y”(6,) + . - . , where t represents terms of the form ra 
Xu, r, being any function. 

The boundary condition in Eq. 3 gives: 

A, = C* 

1 a - N  

A,  cos ($,so) + B, sin (@&) + x 
, - -N  ($,, - 8;) 
azo 

The boundary condition in Eq. 4 gives the single expression: 

Next, a solution involving Eqs. 25,26, and 27-30 is sought on 
the following assumptions: 

1. The molecular mass diffusion of the absorbed species is a 
much slower process than the molecular momentum diffusion in 
the liquid. This may be expressed as Sc >> 1, where Sc = v / D .  

2. The characteristic length of the wave structure is much 
shorter than that of the mass transfer process. This may be 
expressed as 18,.al >> 8, or (w6,)Re(z + 1)Sc >> 1. 
Under these circumstances Eqs. 25, 26,28, and 29, after simpli- 
fication and substitution among them, become: 

a-N 

cos (tl,6,) - i8, sin (8,6,) 8,,. ~ #a*-* 

a - - N  (uo + k)2 
a+o 

Here Eq. 34 provides the condition to determine the eigenvalues 
8, and hence also A, and 8,,,. A solution to Eq. 34 is as follows, 
upon suppression of the indication of neglected terms of 
O(q9/4,, +,/+o): 

where 

(29)  

March 1988 Vol. 34, No. 3 AIChE Journal 495 



0(0dO,.,, +a/$o) gives: 

a M o ( x )  

(37) 
.0; a-N +a+ - a 

K g =  - 2 -  c '8.a 6 , # - - ~  (u,  + k)' * 8 - N  
('O - ) A3(1+2xg/Bg)x E e- 

U # O  

- = 2DS - 
at 60 8-0 

In order to determine the remaining unknowns, the amplitudes 
A,, Eq. 30 is multiplied on both sides with 0;, integrated from 
y = 0 t o y  = 6(0, I ) ,  and subsequently averaged with respect to 
time. The result is, after similar suppression of terms as above: -[1+:;[1-4(@+;)? (43) ,';; (Y - P)(Y + B + 1) 

where 

1 1  
(P + Y + 01 

. -)=O D (38) 

with 

K ,  = 0;(l - i)[(w6,)ReSc(-l/2)(~ + 1)]''*. 

U060 Re = - 
V 

s c  = (47) 

k = ZU, (48) 

D After substitution among expressions 31 to 37, Eq. 38 gives: 

2 (-I), A, = - (c, - c * )  - 
Thus the influence on the mass transfer rate of the oscillations in 
the liquid film is determined. It is interesting to note the depen- 
dency of the wave oscillations on the concentration and the mass 
transfer rate, namely a proportionality to the square root of 
(w&,)ReSc(z + 1)( - 1) multiplied by a sum containing a qua- 
dratic form of the perturbed stream functions, which in their 
turn are proportional to the amplitude of the oscillations. 

An estimate will now be made of K, by means of the specific 
fluid dynamical model derived in Barrdahl (1 986), despite the 
fact that this model is restricted to values of (06,) Re less than 

A 

(39) 

By means of Eq. 18,A, can be determined as 

. I, 

about '/3. The model is expressed in the approximate form: 
(40) 

€*I  (49) 

and O,,a can be expressed as 
(50) 

The solution is now complete. 

species) a t  the liquid film surface is: 
The expression for the rate of mass transfer (of the absorbed 

Insertion of Eqs. 5-1 I ,  15-24,27,31-33,35-37, and 39-41 into 
Eq. 42 and suppression of the indication of neglected terms of z =  -2 (54) 
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( 5 5 )  

where dependency on k or z has been neglected formally. 
After insertion of Eqs. 49-55 into Eq. 45, the result is: 

K, = 0g(w6,)s/2Res/2Scl/2 

Results 
The complete solution can be expressed in the form: 

where 

2 (- A, = - (c, - c*) - 
x G + II 

\ LI 

I I 

(u, + k)]‘” 
i ( aw)  8 = - -  

’‘a [ D 

where only the lowest order terms have been retained in the 
expressions. With a value of less than -uo for k ,  which is true at  
least for smaller perturbations to the laminar flow, K@ becomes 
completely real. 

It is readily apparent that with a sufficiently large value of the 
Schmidt number the rate of mass transfer will be substantially 
increased even at  low values of the wave amplitude. A dimen- 
sional analysis of K, reveals that it is essentially dependent on the 
following group of dimensionless numbers in the region investi- 
gated: 

where is an amplitude coefficient defined through the first 
Fourier component of the liquid film thickness as t,l = (w6,) 
the product of wave number and mean liquid film thickness, z 
the nondimensional wave velocity, Re = u,6,/u the Reynolds 
number, and Sc = u /D the Schmidt number. a is not to be con- 
sidered as a constant but depends on the liquid film flow and its 
properties in an intimate manner. 

In the limit, as the film thickness vanishes the above func- 
tional expression reduces to: 

where, as a consequence of the analytical solution used for the 
flow, the Reynolds number also vanishes, 

Insertion of the hydrodynamical parameters derived in 
Barrdahl (1986) into the presently derived mass transfer model 
gives an altogether analytical solution valid a t  generally low 
flow rates, or more precisely up to a value of about y~ of the 
dimensionless aggregate (w6,)Re. Unfortunately, no experimen- 
tal results for mass transfer rates are available in this region of 
flow. 

At higher values of (o6,)Re, no full analytical solution to the 
equations of motion-that is, a unique solution expressed solely 
in terms of physical constants of the liquid and the flow rate-is 
presently available. Therefore a comparison with existing exper- 
imental data will by necessity be of a restricted character. 

Brauer ( 1  985) has reported correlated experimental data for 
the presently studied type of system, and presents them in the 
form Sh = fRebSc’/’, where Sh = a6JD is the Sherwood num- 
ber for infinite mass transfer section length; f is a factor the 
magnitude of which depends on the Reynolds number; b is a 
magnitude coefficient dependent on the Reynolds number; and 
where Re 2 12 and Sc is much larger than unity. a is the mass 
transfer coefficient. 

A comparison of the presently derived qualitative expression 
of dimensionless entities: 

with the above correlation formula leads to the following conclu- 
sions: 

1.  The dependencies on the Schmidt number are identical. 
This is an encouraging result in view of the fact that at these 
higher flow rates, the convective contribution to the mass trans- 
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fer process becomes relatively more important than the diffusive 
one. 

2. The Reynolds number raised to a certain power appears in 
both formulas. Due to the indeterminate flow parameters in 
these regions of higher flow rates, a direct comparison of the 
dependency on the Reynolds number cannot be made. 

Conclusions 
An analytical theoretical model for the mass transfer in fall- 

ing liquid films at  high Schmidt numbers has been presented. 
The present model constitutes an analytical improvement over 
previous models employing the completely laminar flow model 
as input into the diffusion equation, in that account is taken of 
periodic ripples in the liquid flow. 

The mass transfer characteristics are determined completely 
and solely in terms of physical properties of the liquid and the 
diffusing species, the parameters of the fully described liquid 
film flow, and the mass transfer section geometry. These proper- 
ties and parameters are: the mass diffusivity of the diffusing spe- 
cies D; the mean liquid film thickness 6,; the surface velocity of 
the liquid at  the mean liquid film thickness u,; the wave number 
w; the Fourier components of the stream function +=; the nondi- 
mensional wave velocity z; and Re and Sc, the Reynolds and 
Schmidt numbers. For the evaluation of a mass transfer coeffi- 
cient, the mass transfer section width and length are also 
needed. 

The present model predicts a substantial increase in the rate 
of mass transfer due to the presence of the waves in the falling 
film. The increase in the rate of mass transfer is essentially pro- 
portional to the following aggregate of dimensionless numbers: 

a2 (w6,)’/2Re’/2Sc1’2(z + 1)-3’2 

where a is a wave amplitude defined through el = A,, the first 
Fourier component for the liquid film surface. 
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Notation 
a = wave amplitude coefficient 

A, = amplitude factor for component o, kg/m3 
A, = amplitude factor for component (3, kg/m3 

B, = amplitude factor for component o, kg/m4 
B, = amplitude factor for component (3, kg/m3 

A,, = amplitude factor for component with indices (3, a, kg/m3 

Be,, = amplitude factor for component with indices 8, a,  kg/m3 
c = mass concentration of diffusing species, kg/m3 

c* = interfacial mass concentration of diffusing species, kg/m’ 
c, = initial mass concentration of diffusing species, kg/m3 
C, = mass concentration function for component o, kg/m3 
D = mass diffusivity, m’/s 
g = gravitational coefficient, m/s2 

k = wave velocity in negative x direction, m/s  
M = mass, kg 
Re = Reynolds number, u,6,/~ 
S = surface area, m2 

Sc = Schmidt number, u / D  
t = time coordinate, s 
u = longitudinal velocity, m/s 

u, = mean longitudinal velocity at y = b,, m/s 
v = transverse velocity, m/s 
x = longitudinal coordinate, m 
y = transverse coordinate, m 
z = nondimensional wave velocity, k / u ,  

Greek letters 
a = integer summation number 
(3 = integer summation number 
y = integer summation number and surface tension coefficient, kg/ 

6 = liquid film thickness, m 
6, = mean liquid film thickness, m 

A, = eigenvalue for component (3, l / m  
Os = eigenvalue for component (3, l / m  

{, = mass concentration function for component (3, kg/m3 

S2 

= Fourier component of liquid film thickness, m 

O,, = eigenvalue for component with indices p, a, 1 /m 

,$a = mass concentration function for component with indices 0, a, kg/ 

o,, = circular function 
x, = exponential function 
$ = stream function, m2/s 
#, = unperturbed stream function, m2/s 
#, = stream function of component a, m2/s 

u = kinematic viscosity coefficient, m2/s 
p = mass density, kg/m3 

K@ = eigenvalue for component (3, 1 /m 
w = wave number, l / m  
qe = inhomogeneous part of solution to concentration function for 

q,,= = inhomogeneous part of solution to concentration function with 

m3 -, 

component p, kg/m3 

indices 8, a, kg/m3 
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